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1.
E $\mathbb{Q}$ modular $N$ $\mathbb{Q}$ \mbox{\boldmath $\varphi$}: $X_{0}(N)arrow$
E cusp $\infty$ E $0$
(i) E $S_{E}$
$S_{E}:=\{p;\mathrm{G}\mathrm{a}1(\mathbb{Q}(E)p/\mathbb{Q})\not\simeq \mathrm{A}\mathrm{u}\mathrm{t}(E_{p})\}\mathrm{U}\{p;p|N\}\cup\{2,3\}$ .
Serre $[8]\mathrm{T}\mathrm{h}\acute{\mathrm{e}}\mathrm{o}\mathrm{r}\grave{\mathrm{e}}$me 3 $\mathrm{G}\mathrm{a}1(\mathbb{Q}(E)p/\mathbb{Q})\simeq \mathrm{A}\mathrm{u}\mathrm{t}(E_{p})$ $P$
SE
(ii) E $\mathcal{O}:=\mathrm{E}\mathrm{n}\mathrm{d}_{\overline{\mathbb{Q}}()}E$ $k:=\mathcal{O}\otimes \mathbb{Q}$ 2
( 2 9 order 13 $[7]\mathrm{E}_{\mathrm{X}}\mathrm{a}\mathrm{m}_{\mathrm{P}^{1}\mathrm{p}2}\mathrm{e}95$ ) $k$ -d
$dl\mathrm{h}N$ $E$ $S_{E}$
$S_{E}:=\{p ; p|N\}\cup\{2,3\}$ .
2 $I\mathrm{f}:=\mathbb{Q}(\sqrt{-D})$ -D 3
(1) $\ell|D\Rightarrow\ell\not\in S_{E}$ .
(2) $h_{K}>\deg(\varphi)$ ( $h_{K}$ $K$ ).
(3) $l|N\Rightarrow l[]\mathrm{h}K$ .
$E$ 3 2 $K$
modular $E$ $I\mathrm{t}’$ 3 (3)
$K$ $\mathcal{O}_{K}$ $\mathfrak{n}$ $\mathcal{O}_{K}/\mathfrak{n}\simeq \mathbb{Z}/N\mathbb{Z}$ $K$
$a$ modular $X_{0}(N)$ moduli $\mathbb{C}$ $x_{1}=(\mathbb{C}/\alpha, \mathbb{C}/\alpha \mathfrak{n}^{-1})$
[2] $I\mathrm{f}_{1}$ K Hilbert $x_{1}$ $K_{1}$
$X_{0}(N)$ Heegner $E(I\mathrm{f}_{1})$ $y_{1}:=\varphi(X_{1}\mathrm{I}$ $y_{1}$
modular E Heegner
Theorem 11. Heegner $y_{1}$
925 1995 105-109 105
$E(K)$ $y_{K}:=\mathrm{T}\mathrm{r}_{K_{1}}/K(y_{1})$ Kolyvagin [4, 5, 6, 3] $y_{K}$
Mordell-Weil $E(K)$ 1 Tate-Shafarevich $(E/K)$
$\rho$
Theorem 12. $y_{K}$ $y_{K}\in E(\mathbb{Q})$ .
Corollary 1.3. $y_{K}^{\rho}\neq y_{K}$ $y_{K}$
2.
Lemma
Lemma 21. $I\acute{\mathrm{t}}(X_{1})=\mathrm{A}_{1}’$ .
Proof. $K$ $\alpha$ $\mathbb{C}$ $\mathbb{C}/a$ $I\mathrm{t}’(j(\mathfrak{a}))$
E’ $\mathcal{O}_{K}\simeq \mathrm{E}\mathrm{n}\mathrm{d}(E^{J})$ [9] Theorem 57(iv) $K(j(a))=K1$ .
modular $X_{0}(N)$ $\mathbb{Q}$ $\mathbb{Q}(j(z), j(N_{Z}))$
$[9]\mathrm{p}157$ $\mathrm{G}\mathrm{r}\mathrm{o}\mathrm{s}\mathrm{s}[2]$ I2. $a–\mathbb{Z}\omega_{1}+\mathbb{Z}\omega_{2},$ ${\rm Im}(\omega_{1}/\omega_{2})>0_{\text{ }}a\mathfrak{n}^{-1}=$
$\mathbb{Z}\omega_{1}+\mathbb{Z}(\omega_{2}/N)\simeq \mathbb{Z}N\omega_{1}+\mathbb{Z}\omega_{2}$ . $x_{1}$ $j(a)=j(\omega_{1}/\omega_{2}),$ $j(a\mathfrak{n}^{-1})=j(N\omega_{1}/\omega_{2})$
K $K_{1}$
Lemma 22. $y_{1}\not\in E(K)$ .
Proof. $y_{1}\in E(K)$ $y_{1}^{\sigma}=y_{1}$ , $\forall\sigma\in \mathrm{G}\mathrm{a}1(K_{1}/K)$ . \mbox{\boldmath $\varphi$} $\mathbb{Q}$
$y_{1}=\varphi(X_{1})$ $\varphi(x_{1}^{\sigma})=(\varphi(x_{1}))\sigma=y_{1}^{\sigma}=y_{1}$ . $x_{1}^{\sigma}\in\varphi^{-1}(y_{1})$ ,
$T:=\{x_{1}^{\sigma} ; \sigma\in \mathrm{G}\mathrm{a}1(K_{1}/K)\}\subseteq\varphi^{-1}(y_{1})$.
Lemma 2.1 $x_{1}^{\sigma}(\sigma\in \mathrm{G}\mathrm{a}1(I\mathrm{f}_{1}/I\mathrm{f}))$
$h_{K}=|T|\leq|\varphi^{-1}(y_{1})|\leq\deg(\varphi)$ .
$I\mathrm{t}^{r}$ (2)
Proof of Theorem 1.1.
Heegner $y_{1}$ $\mathrm{o}\mathrm{r}\mathrm{d}(y_{1})=m$
(i) $\exists\ell|m\mathrm{s}.\mathrm{t}$ . $\ell\not\in S_{E}$ :
\ell $\ell|m,$ $\ell\not\in S_{E}$ l $z:=(m/\ell)y_{1}\in E(K_{1})$
$\sigma\in \mathrm{G}\mathrm{a}1(\mathbb{Q}(E_{l})/\mathbb{Q})$ Aut(Q) \mbox{\boldmath $\sigma$}\tilde
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(a) E ;
$S_{E}$ $\ell\not\in S_{E}$ $\mathrm{G}\mathrm{a}1(\mathbb{Q}(E\ell)/\mathbb{Q})\simeq \mathrm{A}\mathrm{u}\mathrm{t}(E_{l})$ . $z^{\tilde{\sigma}}(\forall\sigma\in \mathrm{G}\mathrm{a}1(\mathbb{Q}(El)/\mathbb{Q}))$
$E_{l}$
$K_{1}/\mathbb{Q}$ $K_{1}^{\overline{\sigma}}=K_{1}$ , $\forall\sigma\in \mathrm{G}\mathrm{a}1(\mathbb{Q}(E_{\ell})/\mathbb{Q})$ . $z^{\tilde{\sigma}}\in E(K_{1})^{\overline{\sigma}}=$
$E(K_{1})$ , $\forall\sigma\in \mathrm{G}\mathrm{a}1(\mathbb{Q}(El)/\mathbb{Q})$ . $E_{l}\subseteq E(K_{1})$ .
Weil-pairing $\zeta=\exp(2\pi i/l)\in K_{1}$ . l $\mathbb{Q}(\zeta)$
$l-1\geq 4$ $K_{1}$ $\ell\not\in$ SE 1 2
(b) E ;
Tate $T\ell(E)$ O\ell :=O\otimes Z, 1 $E_{l}=T_{\ell(}E$ ) $/\ell T_{l}(E)$
$E_{l}=\mathcal{O}t_{1}=(\mathcal{O}/\ell \mathcal{O})t_{1}(\exists t_{1}\in E_{\ell})$ . $z=\alpha t_{1}\exists\alpha\in \mathcal{O}-\ell \mathcal{O}$ .
[b-1] \ell k :
\ell $\alpha\not\in$ \ell O $\alpha+\ell \mathcal{O}\in(\mathcal{O}/\ell \mathcal{O})^{*}$ . $\mathcal{O}z=(\mathcal{O}/\ell \mathcal{O})z=$
$(\mathcal{O}/\ell \mathcal{O})\alpha t_{1}=(\mathcal{O}/\ell \mathcal{O})t_{1}=E_{l}$ . $\mathcal{O}=\mathrm{E}\mathrm{n}\mathrm{d}_{\overline{\mathbb{Q}}()}E$ k [9] $(5.1.3)\mathrm{p}114$
$z\in E(R’1)$ $E_{l}=\mathcal{O}z\subseteq E(kK_{1})$ .
[b-2] \ell k :
$\rho\in \mathrm{A}\mathrm{u}\mathrm{t}(\overline{\mathbb{Q}})$ $\mathcal{O}$ 1 $\pi,$ $\pi^{\rho}\in$ O $l=$
$\pi\pi^{\rho}$ . ‘ $\rho^{2}=id,$ $E_{\ell}^{\rho}=E_{l}$ $t_{1}^{\rho}--\beta t_{1}\exists\beta\in \mathcal{O}s.t$. $\beta+\ell \mathcal{O}\in(\mathcal{O}/l\mathcal{O})^{*}$
$\beta^{\rho}t_{1}^{\rho}=t_{1}$ .
$\alpha\not\in\pi \mathcal{O}\cup\pi^{\rho}\mathcal{O}$ $\alpha+\ell \mathcal{O}\in(\mathcal{O}/\ell \mathcal{O})^{*}$ $\mathcal{O}z=(\mathcal{O}/l\mathcal{O})z=(\mathcal{O}/\ell \mathcal{O})\alpha t_{1}=$
$(\mathcal{O}/\ell \mathcal{O})t_{1}=E_{\ell}$ .
$\alpha\in$ \mbox{\boldmath $\pi$}O $\alpha t_{1}=z\neq 0$ $\alpha$ \not\in \mbox{\boldmath $\pi$}\rho O $\alpha^{\rho}\in\pi^{\rho}\mathcal{O}-\pi \mathcal{O}$ .
$\alpha \mathcal{O}+\alpha^{\rho}\mathcal{O}=\gamma \mathcal{O},$ $\exists\gamma\in \mathcal{O}$ –\mbox{\boldmath $\pi$}O\cup \mbox{\boldmath $\pi$}\rho O $\delta\alpha+\epsilon\alpha^{\rho}=\gamma,$ $\exists\delta,$ $\epsilon\in \mathcal{O}$ .
$\mathcal{O}z+\mathcal{O}z^{\rho}\ni\delta z+\epsilon\beta^{\beta\rho}z=\delta\alpha t_{1}+\epsilon\beta^{\rho}\alpha^{\rho}t^{\rho}1=\delta\alpha t_{1}+\epsilon\alpha^{\rho}t_{1}=\gamma t_{1}$
$E\ell=\mathcal{O}t_{1}=\mathcal{O}\gamma t_{1}\subseteq \mathcal{O}z+\mathcal{O}z^{\rho}\subseteq E_{l}$ $\mathcal{O}z+\mathcal{O}_{z^{\rho}}=E\ell$ .
\alpha \in \mbox{\boldmath $\pi$}\rho O $z$ $z^{\rho}$
$\mathcal{O}=\mathrm{E}\mathrm{n}\mathrm{d}_{\overline{\mathbb{Q}}}(E)$ k $z\in E(I\mathrm{f}_{1})$ $\mathcal{O}z\subseteq E(kIc1)$ . $\mathcal{O}^{\rho}=$
$\mathcal{O},$ $(kK_{1})^{\rho}=kK1$ $E_{l}=\mathcal{O}_{\mathcal{Z}}+\mathcal{O}z^{\rho}\subseteq E(kK_{1})$ .
$E_{l}\subseteq E(kIc1)$ .
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Weil-pairing $\zeta=\exp(2\pi i/\ell)\in kK_{1}$ . \ell $\mathbb{Q}(\zeta)$
$l-1\geq 4$ d|N $kIC_{1}$ $l\not\in S_{E}$ 1 2
$(\mathrm{i}\mathrm{i})\forall l|m\Rightarrow\ell\in S_{E}$ ( $m=1$ ):
$\mathrm{o}\mathrm{r}\mathrm{d}(y_{1})=m$ $y_{1}\in E_{m}$ . $L=\mathbb{Q}(E_{m})$ $y_{1}\in E(L)$ .
$L/\mathbb{Q}$ $\ell l\mathrm{h}_{\text{ }}\ell\in S_{E}$ . $K_{1}/\mathbb{Q}$ \ell $l|D_{K}$ .
$K$ (1) $\ell\not\in S_{E}$ .
$L\cap K_{1}$ $\mathbb{Q}$ $L\cap Ic_{1}=\mathbb{Q}$ . ( $m=1$ $L=\mathbb{Q}.$ )
$y_{1}\in E(K_{1})$ $y_{1}\in E(L)$ $y_{1}\in E(\mathbb{Q})$ . Lemma 22
Proof of Theorem 12.
Heegner $y_{K}$ $\mathrm{o}\mathrm{r}\mathrm{d}(y_{K})=m$
$(\mathrm{i})\exists\ell|m\mathrm{s}.\mathrm{t}$ . $\ell\not\in S_{E}$ :
Theorem 12
$(\mathrm{i}\mathrm{i})\forall\ell|m\Rightarrow\ell\in S_{E}$ ( $m=1$ ):
Theorem 12 $y_{K}\in E(\mathbb{Q})$ .
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